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Abstract

An “exact” expression for the functional derivative of the distribution function of a
A-nucleon pair in nuclear matter is derived. An approximate expression is also derived
by means of the Kirkwood superposition approximation. The latter expression is sub-
sequently used to obtain the Euler equation for the correlation function firia) of a A-
nucleon pair in nuclear matter.

1. Introduction

J. C. Lee & A. Broyles (1966) have developed a variational method for
the ground state of a many-particle spinless Bose system, using a Bijl (1940)-
Dingle (1949) wave function

v = exp{% > ulr i]‘)]
i<j

They gave first an exact expression for the functional derivative of the
pair-distribution function p(2). This functional derivative is given in terms of
p(2) and also in terms of p(3) and p(4), By using subsequently the super-
position approximation they obtained an approximate expression for the
radial distribution function g and also an Euler-Lagrange equation for this
function. The Euler equation is similar to a result derived by Hiroike (1962),
who, however, considered an arbitrary variation of 6g instead of 6.

Becker (1969) and Pokrant & Stevens (1973) have adopted, more recently,
the technique of Lee & Broyles in their treatment of the electron gas.
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In the present paper a variational approach for a system, consisting of
many identical particles, to which an “impurity” has been added will be
developed. A typical example of such a system is the infinitely and uniformly
extended nuclear matter (4 - oo, = oo, in such a way that 4/ = p = con-
stant), to which a A-particle has been attached. In the present treatment
this system of “(infinite) hypernuclear matter” will be considered, although
the formalism may be applied equally well to other impure similar systems.
The problem of impure nuclear matter has also been studied (Grypeos, 1971;
1974) by using the “closed form” approximate expression (Westhaus, 1966)
for the A-nucleon pair distribution function p](v ,2 In the recent development
of this study, Edelen’s (1969) formalism, which involves “nonlocal” Euler-
Lagrange operators, was found appropnate to be used. In the present approach
no approximate expression for pg, X is initially employed.

In the following section the energy functional, which is derived if a Jastrow
(1955) type many-body wave function is used for the “impure system”
(hypernuclear matter), will be considered, and “exact” expressions for the
functional derivative of the distribution function of a A-nucleon pair: pfv 1{
and related functions will be obtained. In the last section approximate ex-
pressions for these functions will be given, and the corresponding Euler~
Lagrange equation for the A-nucleon correlation function flria) will be
derived.

2. The Energy Functional and the Exact Expression for the Functional
Derivative of p(z)

The following trial many-body wave function will be used, for the total
system (hypernuclear matter):

Vyrn=¥y H frin) 2.1

where ¥, is the exact ground-state wave function of the “pure system” (nuclear
matter) and f{r; o) is the Jastrow correlation function between the ith nucleon
of nuclear matter and the impurity particle (A particle).

The Hamiltonian operator of hypernuclear matter is

Hysn=Hy +Hy (2.2)

where Hy4 and Hp are the Hamiltonian operators of nuclear matter and of
the A particle, respectively.

Use of (2.1) and (2.2) leads to an expression for the binding (or separation)
energy Ba of the A particle upon which either a cluster expansion may be
immediately performed (Downs and Grypeos, 1966) or integration by parts
may be applied in such a way that B, is written in the form (for spin and
i spin independent central potentials, which are assumed) (Westhaus 1966;
Westhaus and Clark 1966; Clark and Mueller 1969)

Bp =— fdtl fdrA Wralri A)pg,zfz‘(n ,TA) (2.3)
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where Wiy a is the “effective potential”

v/ (r1a) { VA , [0
Wna(ria) =5 + Vaalr
wAGin) = {f(rm) ] My | frin) | fria) rr)
24
and p(z) is the A-nucleon pair distribution function, defined by
A [ Wa+aldry - dia
piAln, Ta) = - (2.5)

F 1T a4al2dry - -drg - drp

Since the nuclear system is assumed to be expanded isotropically, the
number of nucleons being increased proportionately to the volume,
pgv A (11, rA) 1s a function only of the distance between nucleon 1 and the
A particle: pNA p(2) (r1n).

Formula (2.3) is suitable in deriving Westhaus’ approximate expression in
closed form for Ba and will be also adopted in the present analysis.

Application of the variational principle requires the calculatlon of the
functional derivative of the pair distribution function P N A(1'1 TA). At this
point it is useful to define the jth NA distribution function py) (r1, - -, 1j—1,1A)
as follows:

A! S1Wasnl?dy - - dra

A -7+ D 1 TgnlPdry - - - dradea
(2.6)

For j = 2 we obtain the previously quoted expression for pj(\?jz {r1,ra). It
should be noted that in the various expressions of the distribution functions
that we are using, the symbol for integration implies also summation over all

spin and isospin coordinates.

The distribution function pg],)A, is obviously different from the usual

distribution function p), which is defined as follows:

14))
PNA (1,22, .. . Tj—1,FA) =

Al [P, 2dtg - diy
A=D! [ Fal?dry - -drg

PP - 1) = 2.7)

By considering expression (2.5) we may easily calculate the first variation
of Spg?}& in the usual way. We find

8
(2)(1‘1/\) 2 [(}{(rm) PE\?K( At J }':;E,MA) PE\?}. (ri,r2,r7) dra

- pﬁ,{( 14) J. f((rm) J(\?/)\ (r1a) drldrA} (2.8)
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In order to obtain the expression for the functional derivative
[6 p 2) 2 (1)1/3f(r1A), we must write 5pSEh () as follows:

(2)
spSA(r) = f ( ;jfgj(’) ) 8f(rin) dria (2.9)

The result is
(2 ) (r) 2
5f (rm) f(r1a)

—— [P 1) (r1a — D) + L 1, 115 +1p,14)

~ A RG] (2.10)

We see that [6p(2)(r)] 46 f(r1A) is expressed in terms of f(r14) and the
distribution functlons Pia and py; 3 . If we compare the above result for the
functional derivative of p A?K w1th the corresponding result for the pair
distribution function of the Bose system, we observe that in the present case
the expression for the functional derivative is simpler,

In the case of a system consisting of identical particles, it is customary to
define the so-called g-distribution functions, which are closely related to
the p:

. Al J1¥4 lzdrjﬂ - dry =p—jp(j)(l'1 )
PA =P S84 Py - drg Y
2.11)

In the case of the system, with the impurity, which we are discussing, we
may define the following gf{,}x distribution functions:

g(f)(rl, 12, .. 1) =

Q- Al SV asplPdy - drg
ﬁi—l(A — 7+ D) fI¥aenlPdry - dra ~dra

g%\(rl, 1, EA) =

P%)A(l‘l, oo Tj—1,1A) (2.12)

£
pi—1

The function g}Vz)\ is the radial distribution function gna(ria). We may

further define the related Gy ~distribution function as follows:

ena(r1a) = F2(ra)GhA(r1n) (2.13)

The “exact” expressions for the functional derivatives of gys and Gy, are
easily obtained from the formula (2.10). We find

ogna(r) 2
éf_(rm_) =f(rm) [eva(ria)s(rin —r) + pgg\?,{(r A, A+ 1y, TA)

—~ pgNA(riA)ENA(P)] (2.14)
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and
SGNA(r) _ 2p 3)
Sf(rlA) fz(r)f(rlA) [g (1' + IA, Fip + TAs rA)

— FHrn)Grarin)f 2 (NGNA(®)] (2.15)

3. Approximate Expressions for the Functional Derivatives and the Euler
Equation for the Correlation Function f(r1a)

It is advisable, for practical purposes, to obtain approximate expressions
of the functional derivatives of the distribution functions gna and Gua,
which were derived in the previous section

We shall use the Kirkwood superposition approximation, which is written
in the present case as follows:

£ (11, 12, 10) = (M) (r1z)gna (r1a )N () G3.1)

where g () is given by (2.11) withj =2 and W, 4 o dry instead of 5 2.
We may therefore write

sgna(r) ~ 2

NG {eva(ria)s(ria — ) + pgva(ripdgva(r) [ga) (Irpa—rf) — 1]}

(32)
and
%G_N_fl@ ~ 20f(r1iA)GNA(A)GNA T [ (1 ria — 1DG(AY(I 1A —x]) — 1]
f(rin)

(3.3)

The variational principle may now be applied to the energy functional.
The variation will be performed by imposing also the integral constraints

p f [F2(r1ia)Gna(rin) — 1] dria = Di = finite (3.4)
o f [f(rin) — 11°Gna(rin) dria = Dy = finite (3.5)

The first has its origin to the denominator in the distribution function,
while the second is a “healing condition.”

Owing to the above constraints, two Lagrange multipliers appear in the
variational problem. The first Lagrange multiplier (};) is due to (3.4), while
the second (A\2) is due to the healing condition.
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The Euler equation of the variational problem is

#? d*f(rin) dGna(ria) | df(ria)
. {GNA( F1A) N {— Gualria) + drin drin
#2 2 dGNA(flA) d*Gya(ria)
+ {(- m)[ T FEN }-% VNA(nA)GNA(hA)}f r1ia)
52 2 2
¢ [ar {( 2 4MA) [d{f)} Tt ){d RiL df’)] - @f?(r)}
M ' 20 1 W
1 57 0run) + )\1|:GNA(r1A)f (ria)+ f drf*(r) % SFn) }
+)\2{GNA(I‘1A)[f(r1A) —1] + [ arlf) - 1174 85??“‘(;)} 0 (3.6)

where the functional derivative 8 Gy (r)/8f(r14) is given by (3.3).

The study of the asymptotic behavior of this equation at large distances
ria leads either to A1 = 0 or to a condition similar to that which has been
previously obtamed [see formula (14) of Grypeos, 1974] but with G4 (112)
instead of Z{®)(r12).

The above equation is an integrodifferential equation for the unknown
function f(r1a) and may be solved numerically.
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